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A HIGH ORDER GENERALIZED METHOD OF AVERAGING*

DAVID E. GILSINNT

Abstract. We develop a high order generalized perturbation technique that extends the Krylov—
Bogoliubov-Mitropolsky method of averaging to vector systems written in normal form with multiple
angular components. An algorithm is presented that iteratively gives the terms in the asymptotic approxima-
tion. A nonresonance condition is assumed that guarantees the smoothness of the terms. The main result
establishes that the absolute error between the unaveraged normal system and its Nth order approximation
is of the order of the Nth power of the perturbation parameter for a time interval of length the order of
the reciprocal of the perturbation parameter. The high order algorithm is applied to a coupled van der Pol

oscillator system. Some numerical results are given to show that the main result reflects actual computational
experience.

1. Introduction. One of the techniques used to study periodic phenomena associ-
ated with nonlinear mechanical systems is to reduce the study of the describing
differential equations to a standard form

(1.1) x=eX(t, x), x(0, &) = xo,

where x € R™. The method of integral averaging of Bogoliubov and Mitropolsky [7]
can then be applied to put (1.1) into a form

(1.2) X = eXo(x),
where
1 T
(1.3) Xo(x)= lim —J- X (t, x) dt.
T—-o00 T 0

The qualitative behavior of the solutions of (1.1) can be studied through (1.2).
Higher order methods of averaging have been studied by several authors. Perko
[30] extended the averaging procedure for (1.1) to an Nth order result. In particular,
he showed that there exists a transformation of the form
N

(1.4) x=y+ % et y)

j=

that transforms (1.1) into an equivalent form

N .
(1.5) y= T e +e™ funlty. o).

He develops a specific term by term algorithm to generate vj, f;, and establishes an
approximation result that shows that the solution of (1.1) and a certain transformed
solution of

N

(1.6) y=1X )

i=
with the appropriate initial condition, compare to within a power N of the small
parameter &. Volosov [35] considered the same question, but after giving a procedure
for the first two terms did not give a full term by term algorithm to general order.
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114 D. E. GILSINN

Zabreiko and Ledovskaja [36] do give a term by term algorithm, although in a
somewhat different form from Perko. They also state but do not prove an Nth order

approximation theorem. Morrison [22] developed an averaging algorithm to the second
order for (1.1).

When one is dealing with weakly perturbed oscillators of the form
(1.7 £+ wiz=eZ(z, 2),

j=1,-++,mw;>0, where z=(z1," "+, Zm), 2=(Z1," ', Zm), it is sometimes more
appropriate to introduce polar type coordinates of the form, B real,

(1.8) Zj= X? sin wjﬁj, Zj = x?w,- Ccos (0,'9,‘,

j=1,2,+++,m. Then (1.7) reduces to a system of the form

(1.9) 6=d+e0(6,x), x=cX(6,x),

where d =col(1,1, - -,1), x =col(xy, " * *, Xm), 8 =col(f1, " * +, ). (1.9) is said to be
in normal form.

In [14] the author extended the Bogoliubov and Mitropolsky [7] averaging result
to (1.9), and developed a comparison theorem between (1.9) and

(1.10) O=d+eBo(x), x=eXolx),

where 0y, X, are averages of the form

1 T
(1.11) fo(x)= lim —~I f(6+s, x) ds,
T->00 T 0
0+s=(6:+s,: -, 0,+s). This form of averaging was previously used by Diliberto

[12]. Formal properties of this method of averaging have been studied by Kirchgraber
[17]. These generalized averaging procedures have been used in orbital calculations
by Velez and Fuchs [34] and in nearly Hamiltonian systems of two degrees of freedom
by Murdock [25]. Sethna and Schapiro [31] have applied the results in [14] to flutter
unstable dynamical systems. Another first order generalized averaging theorem has
also been stated in Arnold and Avez [3]. Giacaglia [13] and Hale [15] relate this
averaging principle to the study of stability properties of dynamical systems near
invariant manifolds.

The essence of the method of averaging rests upon introducing a near-identity
transformation into (1.9) that reduces it to a system that is a high order perturbation
of (1.10). For an overview of the use of near-identity transformations see Neu [29].
Near-identity transformations represent a method of introducing local coordinates
around periodic solutions. This idea of using local coordinates to decompose systems
has been extended to functional differential equations by Stokes [33].

In the present paper the author extends the result of Perko [30] to systems of
the form (1.9). In particular, (1.9) is transformed by

N . N .
(1'12) 0=¢+ z slui(d)a r)7 x=r+ z £’w,-(¢,r),
j=1 i=1
to a system that is a high order perturbation of
. N . N .
(1.13) p=d+ ¥ e'®i(r), Fi=7Y1 e'Ri(r).
j=1 j=1

Explicit expressions for computing (1.13) up to second order terms have been given
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by several authors. See, e.g., Bajaj, Sethna and Lundgren [4], Morrison [23] and
Nayfeh [27]. Musen [26] has developed a formal procedure that is analogous to the
methods of this paper. His approach is by way of certain formal operators. No proofs
are given, though, on the nature of the approximation obtained. A somewhat different
approach to higher order perturbations was taken by Agrawal and Evan-Iwanowski
[1]. They approached system (1.7) and applied the Bogoliubov and Mitropolsky [7]
perturbation technique directly to obtain higher order approximations. They derive
the subsidiary equations that must be solved to obtain the perturbation terms but do
not explicitly solve them. Finally, Chow and Mallet-Paret [9], [10] develop a different
high order scheme but do not treat the problem of multiple angles as developed in
this paper.

In § 3 the algorithm is given to compute ®; R, u;, w;.. Two lemmas are also
proven that establish the differentiability properties of these functions. The main result
of this paper is Theorem 4.1, in § 4. The proof follows exactly the lines of the proof
in Perko [30, Thm. 1]. Perko’s argument, however, has been modified by the author
to take into account the appearance of multiple angles in (1.9). All of these results
depend on the generalized notion of derivatives of vector valued functions of several
vector variables. This is discussed in § 2, and the necessary algebraic relations are
given. These derivatives are nothing more than the Fréchet derivatives specialized to
finite dimensional space. Finally, in § 5 the results are applied to a weakly coupled
system of van der Pol oscillators.

2. Notation. Let R™ be an m-dimensional real Euclidean space, G™ = R™ com-
pactand convexand 2 =R™ X G™. Let (6, x) € P, (), for (9, x) € 3, if f is continuously
differentiable in 6, x, up to order a and periodic in 0 with vector period 27/w =
Qm/w1, -+, 27 wm).

For (0, x), (h, k)€ 3, f € P.,(2) define (see Bartle [5]) the Fréchet derivative

df;
2.1) Dy, h=(L) s

360/ ij=1,m
and similarly for D,f(6, x) - k. Then, following Dieudonné [11], define
(2.2) Df(6, x): (h, k)=D;if(6,x)- h +D,f(6, x) - k,

and, for n >0,

an(o, X) : (hl’ kl) e (hm kn)

(2.3)
=D(D"7'f(8, x) * (h1, k1) * * * (-1, kn-1)) * (s ).
Ifhi=---=h,=h ki=---=k,=k,set
(2.4) (h,k)"=(h, k) (h,k)  (n times),
and
2.5) D"f(6,x) - (h, k)" =D(D"'f(6, x) - (h, k)" ")(h, k).

If a =N +1, (6, x) € £, the Taylor series becomes

f@+h,x+k)=f(6,x)+Df(6,x) (h,k)+---

(2.6)

1
+-N—!DNf(e, x) - (h, k)Y + RN (86, x),
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where

1
@D Re0,0=(35 L (1= V)NDN (O + vh x-+ k) dy) - (hy )

For the derivation of the Taylor series above see either Dieudonné [11] or Liusternik
and Sobolev [20].

The definition has some algebraic consequences that will be needed in later
sections. Let (0, x)e X, fe P, (2);

i=1j=

M N N M N
@8) DT afi60)- (L bk % bk)= 3 T abDA(6,x)- (hy ki),

where M, N >0, and a;, b; are constants. If k =1 then, by induction on k and rules
of powers of polynomial forms,

. N N \k
DHf(6,x) - X ey X e'w)
2.9) ! ' .
=Dkf(0a x)- Z si z (uiv Wil) e (ufk’ wfk)’
i=1

Jite =i

where 1=/, -, i =N. (See, e.g., Liusternik and Sobolev [20]). Also, by induction
on k,

D(6,%)- ( ‘

N N
; N+1 i N+1
s'ui+e Un 1, z EIW,~+€ WN+1>
=1 i=1

1

(2.10) .

N N
=D"f(6,x) - (-21 e X e’wi> +&" " Ry,

where Un+1, Wn+1, Rn+1 are error terms.
Let fe P, (2), for some a > 0. Define the mean value of f by the relation

T

1
2.11) Mof = lim —j f(8+s,x) ds,
T->co T 0
where 0 +s=(01+s, -, 6, +5). A sufficient condition for the limit in (2.11) to exist
independent of @ is that the frequencies wi, * -+, . Of f(6, x) with respect to 6 be
linearly independent over the integers. In this case (2.11) can be replaced by
01w 27/ wy 21r/wm
(2.12) M0f=‘—,,,'”j e I £(6, x) de.
(2m) [} 0

For a proof of this result see Arnold [2]. From a physical point of view, imposing this
independence requirement amounts to restricting oneself to nonresonant mechanical
oscillations. In fact the methods developed in this paper are applicable to systems
generating self-sustaining periodic oscillations.

3. The averaging algorithm. Let 0, X € P;(Z), and
6=d+e0(0,x), 6(0)= 6o,
x=eX(6, x), x(0) = xo,

3.1
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where d = (1, - -+, 1). To average (3.1), a near-identity transformation of the form
N N

(3.2) 0=¢+ 3% culd,r), x=r+3 ewilo,r)
i=1 i=1

is sought that reduces (3.1) to

. N .
b=d+ 3 ' Dir)+eV " Dniile, 1, 8),
i=1
3.3) N
i= Z eiRi(r)+8N+1RN+1(¢’ r, 3),
i=1

where u;, w;, ®;, R; are to be determined. The initial conditions for (3.3) are implicitly
determined by

(0, 6)=bo— 3. ¢u($(0, e), 70, )+ 0N,
(3.4) .

HO, £) =xo— ¥ &'wi(@(0, €), (0, &)+ O(e™*).
i=1

The computations in this section are generalizations of those given in Perko [30].
Insert (3.2) into the left-hand side of (3.1) and get

. N .
é=¢+.§181Dui(¢a r) ' ((b,i)a
3.5) N
i=i+ Y eDwid,r): (¢, F).
i=1

From (3.3), (2.8) and (2.10), (3.5) becomes

0.=<é+ g eiDlui(¢’ r)'d+ g ei(‘il Dui(¢’ r)'(q)i—i’Ri~j)>+€N+1E11(¢, r, 5)9
i=1 i=2 ji=1
(3.6)

N N i1
=i+ Z 81D1M(¢’r)'d+ El(z Dwi(¢’r)'(q)i—i’Ri—i))+8N+1El2(¢,ra€)~
i=1 =2 j=1

11

Now expand the right-hand side of (3.1) by the Taylor series (2.6) and use (3.2), (2.9)
and (2.10) to get

d+e0®(0,x)=d+e0(, 1)

N i i—l 1 k . . . DY . .
+i§2 £ (kgl (;{‘T)D B(¢p, r)! j1+~~~+zjk=i—l (ujy, wiy) (Ui Wm))
+€N+1E21(¢v r, E),
3.7
EX(O, x)=€X(¢, r)

+igz si( iil (—L)Dkab, r): ) (i wi) * + (U Wik))

k=1 \k! jrbeTe=i-1

+£N+1E22(¢’ r, 8)'
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Combining (3.6) and (3.7) gives
d; =d+€{®(¢, r)’Dlul(‘b’ r) * d}
N ; i—1 1
+3 {3 [([)Pewn: T ) )
—Dui(p, ) (i, Ri—k)] —Dui(¢p, 1) - d}

+€N+1E31(¢’ r, 8):
(3.8)

r"=€{X(¢, r)_D1W1(¢1 r)'d}
s L'y [(L)p* : W) (s Wi
+X e T [P XG N T ) ew)

k=1 k’ j1+e e =i—1
~Dwi(d,1)* @i Ri)| - Diwi(d, 1) -
+8N+1E32(¢9 r, 8)‘

To simplify the notation define the new functions
FI(QS’ r) = ®(¢’ "),

Gl(¢’ r) =X(¢) r)y
i—1 1
E(d” I‘) = k§1 [(_k_")Dk®(¢: r): j1+~~~§k=i—1 (uiv wh) e (uik, wik)

3.9
(3.9) —Duy(p, 1)« (i, Ri—k)]’

Gi(¢,r)= iil [(l)DkX(q% N X (g wi) e (W, wi)

k=1 L\k! frte =1
D1 @1 R )]
for i=2,---,N. If (3.3) and (3.9) are compared, the following differential equations
(3.10a) Diu(¢, r) - d = Fi(¢, r)— Di(r),
(3.10b) Diwi(¢, r) - d = Gi(d, r)—Ri(r),

i=1,::+, N must be solved. In order to solve (3.10) for u; and w;, one must make
appropriate choices of the functions ®; and R; fori=1,--+, N.
Since (3.10a) and (3.10b) are formally the same, one need only solve, for example,

(3.11) Diu(é,r) - d =F(,r)—d(r),

where F € P, (2), for « sufficiently large. Subscripts have been dropped in (3.11) in
order to simplify the notation somewhat.
F can be expanded as a Fourier series

(3.12) F(o, r)= Z e Z Fn1~~-nm(r) ei(nlw1¢l+"'+nmwm‘bm)’
where i =v—1 and
W1 W 27/ w, 27/ w,, )
(3.13) Fupn, ()= (1—"‘"‘) J- o I F(¢,r) e imerd e tn,0,.8,) do.
(27) 0 0
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The mean value of F(¢, r) is given by

W w 27/ w,y 27/ w,,
(3.14) My = (22 [ [ R, ) o,
(2m) o o
Define a new series
(3.15) ugn= % - I (F———'f"""'"(r)) el e,
ny=-—00 Ry =—0 l(n’ (0)
|n|#0, where |n|=|ni|+: -+ +|nn| and (n, 0) =n1w1+* - * + npwn. Suppose, further-
more, that the vector frequency w = (w1, * * * , w,,) satisfies
(3.16) |(n, @)| Z Aln "V
for all n =(nq,- -+, nm), n; integer, n #0, A >0. (3.16) holds for almost every w and

all n # 0 (Koksma [18]).
If (3.15) and its derivative converge uniformly then a direct computation shows

that u satisfies

(3.17) Diu(,r) - d =F(¢, r)— (MgF)(r).
Comparing (3.17) with (3.11) indicates that one must choose
(3.18) D(r) = (MsF)(r).

Therefore, in (3.10) one must choose

(3.19) Di(r) = MsF)(r),  Ri(r)=(MyGi)(r)

fori=1,2,---,N.

LEMMA 3.1. Let N, k>0 be given, O=n=N+1, a an even integer, a =
N +2m+3. If O is defined by (3.18), F € P,,(2), w satisfying (3.16), then (3.15) solves
(3.17), is uniformly convergent and differentiable to order N+1 and the series for
D"u(¢, r) is also uniformly convergent.

Proof. Define the operator A, =Y ;_, (3°/3¢%). F € Po(X) implies there exists a
B >0 such that |A,F(¢, r)| = B. By integration

. 27/ w 27/ w,,
(wl : ':)m) I e I AF (¢, r) e Mottt nmombn) g
(2m) 0 [}

(3.20) "
- (—1)“‘:'“[ 5 (nsws)“]Fnl...nm(r),
s=1

where i in (3.20) represents V=1. Choose a even and set M =1 /(Ming=s=m |ws]%).
Then (3.20) implies

MB
(3.21 Frpooon, ()| = — _,
) T e I
From (3.15), (3.16) and (3.21),
MB\ © |n|™*!
3.22 , g(—) . - = .
( ) |u(¢ l‘)l A n1=z—00 P |n1l .. '+|nml lnl;éo

Holder’s inequality implies

m 1/
(3:23) nl=( £ ml7) me,
s=1
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where B8 = a/(a —1). Then (3.22) becomes

00 © 1

(3.24) lu@,n=C ¥ - X P In|#0

for some positive constant C. The series on the right of (3.24) converges or diverges
with

(3.25) OZO', (Z ———1—:—)

=1 \fnl |n]*7" !

(see, e. g Hyslop [16]). However, there are 2" )(,,,_, 1) integral solutions to
|na|+- - - +|n.| =|n| = p, where exactly j, 0 =j = m — 1, of the n; are O (see, e.g., Berman
and Fryer [6]). Furthermore (3_1) = p (=1 Therefore, (3.25) satisfies

o 52 E L )

The series on the right of (3.26) converges for each r=1,2,- -, m provided a =
2m +2 and « even as assumed above.

A similar argument can be used to establish the differentiability of u. To do this,
however, note that the higher order derivatives (2.3) can also be written in terms of
generalized multilinear forms. If (a11, a21), * * *, (@1, a2«) € 2, then by induction on &,
using (2.8), if ue P, (),

2

(3.27) D u(¢,r) - (a1, az1) * -+ (@1 a2e) = X - Z D;,...u(e, r) - ai1-- Qi

i1=1 k=1
where Dj,..; u($, 1), i1,* -, ix = 1,2, are the higher order partial derivatives arising
from (2.1). For example, if h € G™, k € R™, then one has by direct computation

m " u;
(3.28) D12u(¢’ r) * h : k (“21 ,221 (‘9’12 C’)¢“) hhkfl) i=1,~~~,m.

Let p, g be positive integers such that p +q = k. From (3.27) one needs only
estimate, using (3.15),

e - an s, i(n @
(3.29) ngDgu((b, r)lg Z “ e Z (I_D_.__l_._ﬂ_(_’:l‘) . lDPe ( 1w14’1+ +n,, m¢m)|.
m=w =\ (1, 0)]

Since E € P_,(2), in (3.12), then DF,,,...,,.(r) is @ —q times continuously differentiable
in G™, 0=q = a. Applying integration by parts to D3u(¢, r) implies that there exists
a constant B; such that

MB;
+ e + Inm |a’

(3.30) ID"F,,I...,,m(r)| = p
|n1|

where a has been assumed even as before. By a straightforward computation, there
exists a contant C; such that

(3.31) |Dpei(nlwld,l+u~+nmwm¢m)l§Cl Z |n1‘j' - |nm|i,,. = Wlnlp
jit o +im=p
for some constant W >0, since || - - - |n,,["™ = (¥, |n;])’. Combining (3.16), (3.29),

(3.30) and (3.31) gives that there exists some constant C, >0 such that

00 ] 1
632)  IDDW@GNEC L o L () %o

ni=-—00 Ny =—00
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The series on the right converges or diverges with

(3.33) ?‘2 (IZI T’;r%n_—,:f)

In=1

and, as in the case of (3.26),

(3-34) él ([,,;:sln—l"_}"_—”"J §§1 ((r Erl)!)(mn1 r)(é,s-:ml-__"_s)'

The series on the right converges provided, for r=1,2,-- -, m,a—p=2m+2.

For an Nth order expansion it is clear that 0=p, q =N +1, so that one must
choose a even and a =ZN+2m+3=p+2m+2, which would imply that a —p =
2m +2. This proves the lemma. For a similar result in the analytic case see Bogoliubov,
Mitropolsky and Samolenko [8].

Equation (3.27) can be extended by repetitive application of the product rule,

Dp(Dkf((ﬁ, r) - (Uar, Uz1) * * * (Uaks Uzk))(S11, S21) * * - (S1p S2p)
(3.35) = ¥ D“"™f(¢,r): (D™uss, D" uz)

no+--+ng=p

o (D" Uik, D™ Uzi) * (S115 521) * * * (S1ps S2p)5

where n, =ZZ=1 My v=0,1, -+ k and Zf,:l m,, =1foru=1,2,--,p. There are
sk? terms in the sum.

LEMMA 3.2. Given N =1, 0, X € P, (2), where w satisfies (3.16),a ZN +2m +3,
a even, then, from (3.10) and (3.19), u;, w, ®;, R, P51 (3).

Proof. From (3.9) F,, G, € P;(2) and are, therefore, continuously differentiable
of order N, and from Lemma 3.1 u;, w; are continuously differentiable of order N.
From (3.14), (3.19), ®,, R, are continuously differentiable of order N in R.

Inductively suppose that @, Ry, ux, wi are continuously differentiable of order
N—-k+1for k=1,---,i—1, and that u,, w, are periodic with vector frequency w.
From (2.8), (3.9) and (3.35), one can write

DY""'Fi(¢, 1)

= o
-3 ((g) = Y D*"ed,r)
k=1 \\kY ji4ediF=io1 nottng=N—i+1

(3.36)
- (D™uj,, D"wy,) - - - (D™ uj,, D"w;,)

- % D"u(g,n) (DM, DR,
no+ny=N-—i+1
and similarly for DY "G, (¢, r). By the inductive hypothesis, ®,, R, are differentiable
of order N~j+1forj=1,---,i—1.Set j=i—k. Then ®;,_;, R;_; are continuously
differentiable of order N—(i—k)+1 for i—k=1,---,i—1 or for N—i+2 to N.
Therefore, for 0=n =N —-i+1, D"®,_;, D"R;_, exist and are continuous. Again
by the inductive hypothesis, u, is differentiable of order N—k+1fork=1,---,i—1
and periodic with vector frequency w in . For 0=ng=N—i+1,0onehas 1=no+1=
N —i+2=N —k+1asabove. Therefore, D"u, (¢, r) exists continuously and is periodic
with vector frequency w in ¢. A similar argument holds for w,. Finally,if 1=k =i—-1
and 0=no=N—-i+1, then 1=k +no=N, and therefore, D"+"°®(¢, r) exists con-
tinuously and is periodic of vector frequency w in ¢. Combining these, (3.36) shows
that DV ""*'F;(¢, r) exists continuously and is periodic with vector frequency w in ¢,
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and similarly for G;. Now, from (3.15) u;, w; are also continuously differentiable of
order N —i+1 and periodic in ¢ with vector frequency « by uniform convergence.

4. Main result. In this paper the Nth order approximation to the solution of
(3.1), for N =1, will be defined as

N-1 N-1 .
4.1) On =N+ .21 e'ui(dn, In), XN=rIn+ ‘Zl e'wi(édn, rn),
j= j=
where (fn, r~) is the solution to
, N N
4.2) ¢p=d+ ¥ £®(r), F=3 'Rir).
i=1 j=1

®;, R; are defined by (3.9) and (3.19), and u;, w; are solutions of (3.10). The initial
conditions for (4.2) are given by

(4.3) dn(0, e)=dnole),  n(0, &) =rnole).

These are implicitly defined by the relations

N-1
énole) = 00— gl e'uj(dno(e), rnole)) + O(e™),
(@.4) "~

N-1
rno(€) =x0— ~§'1 e'wi(dnole), rno(e)) +O(e"),

where (0o, xo) is the initial condition for (3.1).
For ¢ sufficiently small, the initial conditions (4.4) can be written explicitly in the
form

N-1

-1 N-1
4.5) dnole) =ao+ E.l Elai"'O(EN), rno(e) =Bo+ ;1 €Iﬁi+0(8N)-

This follows from the implicit function theorem.
In (4.4), expand u; w; in Taylor series. Introduce (4.5) for ¢no, ~o, and use
(2.10) and (2.9) to give

ui(dpnole), rnole))
NUN-T Tl
+0(e™),
4.6)
wi(Pno(e), rvo(e))
NZUNSIF DN
= w;(cto, Bo) + k§1 .'g'k [(;{—')D w;(ao, Bo)-mngjk:i (@, Biy) * * * (e, 3ik)]
+0(e™)

for j=1,---, N —1. Substitute (4.6) into (4.4) on the right, and use (4.5) on the left
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and the summation interchange formula

-1 /j-1
4.7) TS a6 =3, (T AGi-0)+OEN)
j=1 i=1 ji=2 i=1
on the right. Equating powers of ¢ gives
a0=00s
Bo = xo,

a1 = _ul(aO: BO)’

(4.8)  B1=—wi(ao, Bo),
&= _ui(a’ BO) ; g ( )Dkul(ao’ BO) Z (all’ B]l) ' (afk’ Bfk)’

Jit+ e =i—f

i—-1 i—j

B' = “'W,(ao, BO)— Z Z ( )D W,((Xo, BO) Z (aip Bh) st (aik’ Bik)

jr¥eFie=i=i
fori=2,3,---,N—1.
THEOREM 4.1. Given L>0, N =1, G™ a convex region in R™, and pick roe G™.

Let ©, X in (3.1) lie in P, (2), a even, a ZN +2m +3, where foralln =(ny, -+, nm),
In|#0,

(4.9) l(n, w)|Z Aln| ™",

A >0, constant. Let

4.10) TR, rO)=ro
dT

have a solution r = g,(7) which remains in G™ for 0=t =L. Then:
(1) There exists an ex >0 such that for 0<¢ = ey the system

0=d+e0®6,x), 6(0,&)=00,
x=eX(6, x), x(0,&)=1xo

(4.11)

has a unique solution (6(t, €), x(t, £)), which remains in R™ X G™ for 0=t=L/e.
(2) The autonomous system

N .
(ﬁ‘=d+§1 Elq)j(r)’ (bN(Oa £)=¢N0(€)’
(4.12) "~

N

"=‘Zl szi(r)a rN(Oa 8)=rN0(€)’
iz
with ®;, R; defined by (3.9) and (3.19), ¢no, I'no defined by (4.4), has a unique solution
(dn(t, &), rn(t, €)), which remains in R™ X G™ for 0=t=L]/e.
(3) The Nth order approximation is given by

N-— .
€)= (s, )+ %, e(belt ), (s ),
(4.13) .

(b e)=rn(te)+ X e'wi(én(te) (s, o)),
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where u;, w;j are solutions of (3.10), periodic in ¢ with angular vector frequency w, and
continuously differentiable of order N —j+ 1. The Nth order approximation satisfies

16(t, e) — On (8, £)| = Cne™,

(4.14)
lx(t9 8)_xN(t’ E)lé CNEN,

for 0=t =L/e, Cn some positive constant dependent on N and independent of .

Proof. The proof begins with showing that the autonomous system (4.12) has a
unique solution (¢n(t, €), rn (1, €)) that remains in some set R™ x ST, where ST < G™
is convex and compact, for 0=t =L/e for 0 <e =en, some g5 >0.

By hypothesis, r = g1(7) remains in G™ for 0=7=L. Let

(4.15) So ={reR™:r=gi(7),0=7r=L}.
As a continuous image of a compact set Sg' is compact. Since G™ is an open domain

and Sg' = G™, there exists po>0 such that

(4.16) po= inf |x-—yl|.

Let wn (7, €) be the solution of

d _
4.17) d—”:=R1<w)+- 4+ eNTIRy(w),  w(0, €)= raole),

where ryo(e) is defined by (4.5), (4.8). For w € G™, R;(w) is continuously differentiable
forj=1,2,---, N as shown previously. Then from standard theorems on existence,
uniqueness of solutions and continuity with respect to parameters and initial conditions
there exists an ey >0 and a unique solution wx (7, ) of (4.17), continuous with respect
to e suchthatfor0=7=L,0<e =¢pn,

(4.18) |wn (7, €) — g1(1)| < po.

The fact that |rno(e) — Ro| = Cne from (4.5) for some Cn, N =1, has been used to
establish (4.18).
Now define the set

(4.19) Si={weR™:w=wn(1,¢),0=7=L,0=e=¢en}

S1< G™ and is compact. Let H(S;) be the convex hull of §;. H(S;) is compact (Stoer
and Witzgall [32]). Since G™ is convex, H(S;)= G™.

Let
(4.20) p1= inf |x—yl|.
xeH(S1)
yeR™-G™

Since H(S,) is compact and in G™, which is open, p; > 0.
By uniqueness the solution of

(4.21) %=8R1(r)+- 4+ eMRn(r),  r(0, €)= rnole)

is given by

(4.22) rn(t, e)=wn(et, €).
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Therefore,
(4.23) {reR™: r=rn(te),0=t=L/e,0<e=en}cH(S1))cG™

If rn(t, €) is inserted into (4.12), let ¢dn (¢, &) be the solution of the ¢ equation
subject to @~ (0, €) = dno(e). Define the improved Nth order approximation by

éN(’; S)=0N(t, €)+8NuN(¢N(t’ 8)’ rN(ta 8))’

(4.24) N
iN(t» 8)=xN(ta £)+€ WN(d’N(t’ 8)’ rN(t’ 6)),

where O, xy are constructed in (4.13).

Let (6(¢, €), x(t, €)) represent the unique solution of (4.11) on its maximal interval
of solution 0=t =1t,(¢).

Define
(4.25) S,={yeR™:|y—w|=p1/2 for some we H(S;)}.
S, is closed and bounded and therefore compact. S, is also convex. For, let y;, - -+, y, €

S, a; >0, Zf;l a; =1. Consider a;y;+- - - +a,y,. To each y; there corresponds w; €
H (S,) satisfying |y; — w;| = p1/2. But by convexity aywy + - - - + a,w, € H(S1), and there-
fore |(a1y1+- - +auy,) —(aiwi+- - +a,w,)| =p1/2. This means that

(4.26) dist (S5, R™ — G’")>%,

From (4.23), rn(t, €) € H(S;) for 0=t=L/e, 0<e =en. Furthermore, u;, w; are
continuously differentiable of order N —j+1 and periodic in ¢. They are bounded
on R™ xH(S,), since H(S;) is compact. Therefore, from (4.25), (4.24) and (4.13),
there exists an ex >0 such that fn(1, )€ S, or (On(t, £), in(t, £)) € R™ X S,. By the
convexity of S,

(4'27) ¢N(t,5)+A[0~N([,e)_¢N(t9£)]’ rN(t’€)+A['fN(t’€)_rN(t,e)]

arein R" xS, for0=t=L/e,0<e=enyand 0=A =1.
From (4.24), (4.13), (4.12), (2.8), one can write

6 —6n = £[O(6, x) — O(fn, in)]+ £ O (b, En)
N N N
—;1 5’Fi(¢N, N)— .‘_Z.l ;1 El“Du}'(d’Ny rn) - (@i(rn), Ri(rwN)),
(4.28) "~ S
x —dn = e[X (6, x) = X (6n, £n)]+ X (6, £n)
N N N
— X £'Gildnrn)= X X € Dwldn, i) - (Rulra), Rilrw)).

Using (2.6), write

. N-1/1 .
O(On, In) = kgo (F)Dke)(@v, IN)  (On — &Ny v — )< + E1n (o s €),
(4.29) o

. N-1/1 . .
X (6n, IN) = kz_‘.o <F)DkX(¢N, IN) (O — N, Xn — rN)k +Eon(dn, I'ns €)
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where

ElN(¢N’ I'n, 8)

= [((N 1 1)!) Ll (1=y)N DN O(¢n +v(0x — bn), rn + ¥ (En — 1)) dY]

: (0~N —¢n, In— rN)N
(4.30)
Ean(én, N, €)

: (0~N —én, AN— "N)N-

Using (4.13) and (4.24), define h;, h;, so that

ehy= 0~N —¢n=¢ Si_lui(fﬁN, ),

I ™Mz

1

-

(4.31)

N
Ehz = fN —IN=E€ Z s’_lwi(d)N, I'N).
i=1
From (4.29), (2.9) and changing indices by setting j = i + 1, one can write

- N-1 1
Ol )= T (7)D 0 n)

k=0 \k!
kN1 N
Z el Z (uip le) tte (uika ij)+€ Eln(¢N, Ny 3),
(4.32) j=k+1 Jitete=j—1
. N-1/1 .
X (@ in) = % ()P X @)
KN#1 N=
> &’ ) (uip le) te (ujk, ij)"'e En(dn s €),
j=k+1 i1+ tie=j~1
where
E_1N(¢N, N, €)
1 ! _
o (=) |, =9 ""D™ 0+ evhssr + evha) ] - (s o)™,
4.33) :
EZn(¢Ns Ny 3)

= [((N_l_ 1)!) J: 1-y)V'DX (¢~ +evhy, rn + evh3) d‘y] < (h1, ho)N.

We make use of the following algebraic relation in (4.32):

N-1 kN+1 1 N 1 j-1 N-1 kN+1
434) Y Y eTAKkH=A0, 1D+ Y 7Y Ak, )+ Y A, ).
k=0 j=k+1 j=2 k=1 k=1 j=N+1

If we accumulate all terms that include the Nth or higher power into a new error term
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for each equation, we can write (4.32) as

9(9~N, n)=0O(dn, N)
N i1y,
43 Y ()P OGN T () (i )
i=2 k=1 \k! et pe=im1

+€N§1N(¢N, rns €),
(4.35)

X (O, ¥n) =X (s )

N -1
+Y e Y (—,)DkX(d’N, ™) X (ujp, i)+ (Ui, Wj)
i=2 k=1 \k! i+ ie=i—1

+€NE2N(¢N, Ny e).

Introduce (3.9) into (4.35) next; then substitute (4.35) into (4.28) and get, noting the
definitions of Fi, Gy in (3.9),

. . N o[-t
6 —On =£[O(8, x) — O(On, Xn)]1+ .§2 €'[k§1 Duy(dn, rn) - (D, Rj—k)]

N N _
-X X €,+'Dui(¢Na ) - (D Ri)+€N+lElN(¢N, ™ €),
j=1i=1
(4.36) ’ N e
i =iy = e[X(6, %)= X (B, £)]+ 1 e"[kzl Dwi(én, n) * (P R,-_k)]
frl e

N N

—-'21 .Zl e Dwi(dn, rv) - (@1, R)+ ™ Eon(dn, s €).
j=1i=
Now make use of the relation
NN N -1 NN N
437 ¥ Y eTAGD)=Y & ¥ Ak j-k)+e" Y & ¥ Ak, N+j—k),
j=1i=1 i=2 k=1 j=1  k=j

and rewrite (4.36) as

6 —6n = e[0(8, x) — O(fn, 7)1

= N . N
+(-:N+1[E1N(¢N, N, €)— 'Zl et kz .Duk(qSN, ) (Pnsji RN+j—k)],
1= =j

(4:38)
% —in=€e[X (6, x)— X (O, £n)]

- N N
+€N+1[E2N(¢N, N> €)= 'Z1 e kZ Dwi(én, IN) *+ (Pn+j—io RN+i—k)] .
P

=i
Since ®, X e P, (2)fora evenanda =N +2m +3 and (pn + evh1,rn +evha)eR™ + S,

for 0=t=L/e, 0<e=en, 0=y =1, because of (4.31) and (4.27), and since S, is
compact there exists a constant, call it Cy again, such that

(4.39) |E1n(éns Tns €)= Chs |Ean (dn s €)= Cn.

Since u;, w; are continuously differentiable and (¢n, rv) € R™ X S5, then for 1=j=N,
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JEk=N,0=t=L/e, 0S¢ =en,
lDuk(qu, rN) . (¢N+j—k(rN), RN—H'—k(’N))I = CN,
|Dwk (¢N’ rN) ' (q)N+i—k(rN)’ RN+j—k(rN))| = CN,

where Cy is some constant. Combining the initial conditions for (4.12) with (4.4),
(4.1) implies that

(4.40)

(4.41) 6n(0,€)=00+0("),  xn(0,&)=x0+O0(N).
Then, at t =0, insert (4.41) into (4.24) and get the inequalities
(4'42) 10(0’ 8)_5N(O’ £)|§CN€N, Ix(O, 8)".’?)\](0, £)|§CN8N’

since 6(0, €)= 6o, x(0, €) = xo.
Combining (4.42), (4.40), (4.39) and (4.38) there exists a constant Cy such that
for 0=t=min (t1(e),L/e) and 0<e =¢ep,

16(t, £)— On (1, s>|§cNe”+ej 1@(6(s, £), x(s, £)) — O(On (s, €), in (s, £))|ds,
0
(4.43)

(1, €) — fn (1, £)] = Ce™ +e j IX(0(s, €), x(5, €))— X (G s, &), Fn (s, £)lds.
0

Now define a new set
(4.44) S;={yeR™:|y—w|=pi/3 for some w € S,}.

Since S, is convex and compact, so is S3. Furthermore S5 G™.

Suppose there is a first point #5(¢) >0 in the open interval 0 <ty <L/e such that
x(to(g), €) is a point in the boundary of S3. Since #,(¢) represents the maximal interval
of existence then fo(e) < £1(¢). Since Xy (fo, £) € S, then either |x (ty, €) — Xn (to, €)| = p1/3
or |x(to, €) — Xn (o, €)|>p1/3, otherwise x(to, ) would be an interior point of S for
0<e=en.

Now 0, X € P, (2) for «a =N +2m +3, and S5 is compact, so by the mean value
property there is some constant Cx such that

1©(8(1, €), x(t, £)) —OBN (1, €), in(t, €))]
=Cn(0(t, €)= On(t, )| +|x(t, €)= En (1, £))),
IX(8(t, &), x(t, £))— X (On (1, €), En(t, )]
=Cn(10(t €)= On(t, &) +|x(t, €)= En(t, €)))

for 0=t =to(e), 0<e = en. Substitute (4.45) into (4.43), and add the two inequalities.
This gives

(4.45)

hag) 76e Bt e —nte )

t
=2Cne™ +2CN€I [16(s, &)= On (s, €)| +]x(s, €)= En (s, €)[] ds.
0

By Gronwall’s inequality for 0=t =to(e)<L/e,
(4.47) 16(t, £) — On (1, €)|+|x (1, €)= En(t, €)| = Cne™
for some Cn, 0=t =t¢(e), 0<e = en. Therefore,

(4.48) l0(r, €)= On(t, €)= Cne®™,  |x(t, €)—in(t, €)= Cne™.
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But at ¢ = #o(¢) this implies that
(4.49) o<%§ | (to, ) — Fn(to, £)| = Cne™,

which is impossible for ¢ sufficiently small. The inequality for 6 clearly remains true
forO=r=L/e.

Therefore, there is a unique solution of (4.11) that remainsin R X S3c R™ xG™

and satisfies (4.48) for 0=¢=L/e. But from (4.24), since un, wxn are bounded on
R™ xS, by some Cn >0, we have

|6 — x| =10 — On|+|0n — On|=2Cne™,

|x '_le = |x —,’ZN1+|X~N —le §2CN€N
for 0=t=L/e, 0<e =en, en sufficiently small. This proves the main result.

(4.50)

5. A coupled van der Pol oscillator. In this section we will apply the averaging

algorithm developed in § 3 to compute the second order asymptotic solution to the
van der Pol system

(5.1) frtpizi=e(l-21—az3)z1, Grtuizm=e(l-azi—23)%,
where € >0, a>0, >0, and u1, u2>0 and satisfy miu1+mou, #0 for my, my
integers. This system has been studied previously by Hale [15] and Gilsinn [14].
To put (5.1) into form (3.1), first transform it by the variables
(5.2) Uy1=2z1, Ur=21, W1=23 W2=1Z2.
Then (5.1) becomes

U1 = us, iy =—pius+e(1—ul —awl)us,
(5.3)

. . 2 2 2
W1 = Wp, W2=—/.L2W1+8(1—au1_W1)W2.

Then introduce, using (1.8) with 8 = %,

u1=«/;Isin/.L101, u2=,u1x/x_100su101,
5.4) - _

wi= \/X2 sin /.L202, Wy = /.Lz\/xz CcOos u202,
into (5.2), where x;, x=0. Then (5.3) becomes
(5.5) 6=d+e0(8, x), x=eX(6, x),
where

1 01 X1 @1 Xl
soa=() 0=(?) «=(%) o=(%), x=(%)
( ) 1 02 x X2 @2 Xz
and

1
@1(9, x) = —(—2-—/;:)(sin 2#101 —2x1 sin3 /.L101 COS ,u101 —daxs sin 2/.L101 sin2 ,u202),

1 . . .
0,06, x)= ~(5——> (sin 20, — axy sin® w161 sin 2u,6, —2x, sin® 202 COS w205),
M2
(5.7 B
X1(0, x) = 2x1(0052 n161— (f) sin2 2,&101 —axz COS2 n161 SiI'l2 ;;.202),

X5(0,x)= 2x2(0032 w202 —axy sin® w16y cos” 26, — (%) sin® 2;1,202).
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The next step is to compute uq, Uy, wy, wy, @1, ®,, Ry, R, in (3.2) and (3.3) in
order to reduce (5.5) to a form (3.3) with N =2. From (3.19), (3.9) and (5.7) we can
compute directly that

_(ﬁ) ‘(m)
"n\s 2
2 .
-(*57)-(%)
L) 4

Following (3.10), the next step is to solve for u1, w; so that

(5.8) @0=(()  Ri-

Dlul ) d=Fl(¢’r)-—q)l(r)=®(¢’r),

(5.9)
Diwi - d =Gi(o, r)—Ri(r) =X (¢, r)— Ri(r),
where
_ (U1 _(Wn
ul_(l,l]z)’ WI—(W12>’
(5.10)

Dlul_(ﬂuu/a(ﬁx 6u11/8¢2>

_(dW11/8b1 dw11/dd2
“ \oui2/dd1  duiz/dd2)’ DIWI_( )

Wi2/dd1 dwi2/ddo)

From (5.7), (5.9) and (5.10) one can compute the solutions u;, wy as

1 r arz] ( )
= — - + 4
U L‘M% 8#«% 8#% cos 2w 2 cos 41y

—ar; —auar; . .
+ [“T‘*‘z_] €OS 214 1¢h1 €COS 2urcpr + [ﬁ] sin 2u1¢1 sin 2ua¢2,

8(#2“#1) 8#«1(#«2‘#1)
1 ary r ] ( )
= - 2 + 4
Uiz [4#% 8#2 8#«2 cos 2ur¢» 32# cos 4urds
+ [“’%ﬁh—r] cos 2p1¢p1 €OS 2uarchr + [‘—‘ayil——] Sin 2u1¢1 sin 2262,

2

roarr
Wi = [2—;1— 4:“2] sin 2,u1¢1+(16 )sm 4/.¢1¢1+(4M

) sin 2u2¢2

[M] cos 2u 161 8in 2uadpr + [ﬂ—l-rlr—z] sin 2w 161 cOS 2wa¢h2,
4(u1—p2) 4(u 2)
2
r, anr .
Wi = [2;2 4;22] sin 2u 2+ (16 ) sin 4,u2qb2+( s ) sin 211
[ —a—fzrlri—] cos 2u11 sin 2M2¢2+[“V;1—’1’22] sin 2161 €08 22,
4(u1 —p2) 4l —ud)

Now from (3.9) solve for Fy(¢, r), Ga(¢, r), given by

Fy(¢, r)=DO(¢, r)(ui, wi) — Dui(¢, r)(®y, Ry),
Gy, r)=DX (¢, r)(uy, wi) —Dwi(¢, r)(®y, Ry)

(5.12)
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and then compute the means M,F, and MG, from (3.14) and (3.19) and (5.12). Then

1 3 —3a(uf—u2)—aa 3
O =M, =(—)[—1 2 ( )
2= M,Fa 8ul Tantant 4(ui-p3) nra
_ 2.2 5 2 2
+( 11)r%+(3a [.L12 2612 Mz)r%]’
(5.13) 32 8(uz—p1)
. 1 3 _a 2 2y 2
<I>22=M4,F22=(—2)[—1+ar1+—r2+( 3a(us 2/-111)2 aa#h)rlrz
8u2 2 4(uz — i)
-11 3a’u3 —2a%u}\ ,
+(%a )+ !
64 )"* 8(ui-u3) /'

R21 = R22 =0.

Nayfeh [27] obtains a similar second order expansion for a single van der Pol oscillator.
From (4.5) and (4.8), the initial conditions for the first order approximation are
taken as

(5.14) ¢10(e) = 0o, rio(€) = xo,

where 6, xo are the initial conditions for (5.4). For the second order approximation
the initial conditions are given by

(5.15) d20(e) = 60— eu1(o, xo), r20(€) = xo— ew1(6o, xo).
From (4.13), the first order approximation is given by

(5.16) 6:1(t, e)=d1(t, ),  x1(t, e)=ri(t €),

where

<f;1=d+8‘b1("1), $1(0, €)= d10(e),
F1= €R;(r1), r1(0, €) = rio(e).

(5.17)

The second order approximation is given by

92(t9 3) = ¢2(t’ 3) + £u1(¢2(t, E), r2(t, 8))a

(5.18)

x2(t’ 8) = r2(t’ 8) + 6W1(¢2(t’ 6), r2(t, 8)),
where
(5.19) br=d+e®i(r) +e Pa(ra), 6200, €)= baole),

F2=€eR1(r2) +&£°Ry(r2), r2(0, €) = ryo(e).

In order to test the extent of application of Theorem 4.1, a simulation was
performed on a computer that carried approximately 8 digits in single precision. A
code using an Adams—Moulton procedure was executed using the following selection
of equation parameters:

a =0.1250, n1=1.0000,
a =0.1250, n2=1.4142.

(5.20)

The initial conditions used were

(521) 010= 020=0.0, X10 = X220~ 10.0.
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In the two tables below the absolute errors are computed between the solution
of (5.5) and the first order approximation (5.16) as well as between the solution of
(5.5) and the second order approximation (5.18). The initial conditions for (5.18) are
taken as (5.15), using (5.21).

Table 1 shows the maximum absolute error encountered with £ =0.001, 0.01
and 0.1 for the first and second order approximations. Table 2 shows the maximum
absolute error encountered with £ =0.001 for 1000 and 10,000 time steps.

In Table 1 the time scale of 100 steps is O(1/0.01), so that the errors in the first
two columns should be consistent with the conclusion of Theorem 4.1. In the first

TABLE 1
Maximum absolute error for 100 simulation time steps of 1 unit
per step.
e =0.001 e=0.01 e=0.1

First Order Approximation

0, 0.00254 0.0198 0.1100
0, 0.00105 0.0102 0.0856
X1 0.01254 0.1030 0.3830
Xa 0.00807 0.0570 0.3030
Second Order Approximation
6, 0.000290 0.000225 0.00897
[ 0.000292 0.000232 0.00953
X1 0.000033 0.002215 0.05750
X2 0.000033 0.001734 0.11600

order approximation the errors should be O(e), which in general they are. The errors
for x; seem somewhat out of line at first but, since we do not have a means of
adequately estimating the constant Cy in (4.14), a constant of order 10 for the x;
term would explain the result. Even though ¢ =0.1 is large for a time scale of 100
the absolute errors for £ = 0.1 are still consistent with the theorem. The second order
approximations are also consistent, again noting that we do not have an adequate
bound on Cy in (4.14). There is certainly an order of magnitude or greater improvement

TABLE 2
Maximum absolute error or € =0.001 for two time
step histories.

1000 steps 10,000 steps

First Order Approximation

6, 0.0322 2.234

0> 0.0317 2.234

X1 0.00889 0.00325

X2 0.00556 0.00238
Second Order Approximation

0, 0.0321 2.234

0, 0.0321 2.234

X1 0.000213 0.00366

X2 0.000156 0.00300
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in the errors for £ =0.001, 0.01. For £ =0.1 there is improvement, if not an order
of magnitude in all the variables. In Table 2 the errors for x;, x, are consistent with
e =0.001, but as would be expected the errors in 6;, 6, grow as time progresses. .

Neu [29] simulated the second order average of another coupled system. His
results are also consistent with the conclusion that the approximations are good over
a time interval of order O(1/¢) but deteriorate afterwards. His particular asymptotic
approximations are also computed in a similar manner to the general results obtained
in this paper, although he was also concerned with eliminating secular terms since he
did not assume a nonresonance condition as we did in (4.9). In general, though, the
two methods are comparable.

6. Acknowledgment. The author wishes to thank the referee for several sugges-
tions that helped clarify the notation. The author’s original hypotheses for Theorem
4.1 were much stronger than necessary, and the referee also made an observation in
the proof that reduced the number of hypotheses, thus strengthening the main theorem.
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